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nmon'(Boolean function)

__.3:';' Let (B, Vs A, 5 0, 1) be a boolean algebra. A function from B” to B called boolean
cﬂ"" jt can be specified by a boolean expression of » variables. -

weﬁmtion (Minterm or complete product or a Fundamental product)
A Boolean expression of n variables Xps Xoy ey X, 18 s2id to be minterm_or

1 wmp"te pmduct or a. fundamental product of n vanables if it is of the forms

B ~A X, Whe
xl A ”2 e re x denotes either x, or X;.
observe that each minterm is completely determined by a sequence of 0 sand 1’s of

'Iwgﬂl n, and any such sequence determines a number between 0 and 2"’ — 1in binary

,qxwentatlon

A particular minterm will be denoted by mmJ or m; if the associated sequence of

isexponent gives the number j in binary representation (Here 0 < j =< 2" —1). Thus, we

!nm: 2" minterms in » variables denoted by m,, m,, ......, My For example, in three

'vanab]es mg =X A x A Xy becomeg in the binary representation 1 01.

- Also, these minterms satisfy the following fundamental propertles
D moa m, =0ifi=]

2t |
AL B L
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2.4.5 Definition (Maxterm)
A Boolean expression of n variables Xj, Xy - '
| , when Er. denotes either _xl. or X;.

12 ﬁ!ndémentals properties :

x_is said to be maxterm if it is of
L n

: * VX I
_thefonnxlvxzv... VX

Similarly the maxterm satisfy the followin

() M:‘VMj =1 ifi#J

2" —1 B
@ A Mj=MAM,A..AM =0.

=

2.4.6 Definition. (Disjunctivé Normal form or Sum of Product or SOP) or DNP

A boolean expression over two-valued Boolean algebra ({0, 1}, V, A, ", 0, 1) is said
to be in disjunctive normal form (or sum of Product) if it is join of minterms.

For example : (x] A xz'x\ X))V (x] Axy Ax3) V(5] A Xy AX3) OF

X] X3 X3+ X| X5 X3 +}:‘i x) 'x3 =2m(l, 0,3)
is a boolean expression in disjunctive normal form of three minterms.
2.4.7 Definition (Conjunctive normal form or Product of Sum or POS) CNP

A boolean expression over two-value Boolean algebra ({0, 1}, v, A, ", 0, 1) is said
to be in conjunctive normal form (or Product of sum) if it is meet of maxterms.

For example. (x; v xj v x{) A (11’\’ xg v x_-ﬁ i (va x:-,,v x—ﬁ—

Oxy +2) +33) (3 + x, +33) (x; tx+x) = 1M g,';)'q, |
is a boolean expression in conjunctive normal form of three variables
2.4.8 Obtaining Boolean expression in Disjunctive N ; . .
normal form ormal form and conjunctive
(1) A Boolean expression can be op Min Teaim hoymal 4"“’"

tained in ; .
corresponding to this function b : @%___qumal form

. Y having a minte ; ~— S .
n-table of 0 and 1 for which the valye of the function i: T (.:.?l???ondmg ._to e?gh 'qrdered
~(2) A Boolean g b :

~ eXpression can be obtainedii s = - g e T
corresponding to this function : e ""-19-'1].““."-'.1'."’?.; normal - form

Or

said to be in canonical form, 5
Example 1. Simplify the Boole
I .k.l.- 2 f(lx :JI— %
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' fEn) =" A)VEAD)V @A)

| =@ AZ)VyA(zV 2 (Using distributive law) -
= AV (AT [-zVvz=1]

=@ h2)V »

; , i
i y zZ X x Az f= (xp I\Z)Vy
| B 0 0 1 0 0
| 0 0 1 1 1 I3
0 1 0 1 0 1 .
0 1 1 1 1 1
1 0 0 0 0 0
It 0 1 0 0 0
t g v o 0 I
L.-% 1 4 1 g 0 il

Since mmterms corresponds to each ordered triple of 0 and 1 for which the value of

the ﬁ.mctlon is ¥.-

minterm are m = xX' ANy ANz, m, =x' AyAZ, m3=x' Ay Nz

MSxAyAZ, my=xAyAz

‘Hence Minterm Normal form

mlv mZVm3Vm6Vm

= Ay AZ)V (X AyAz)V(x Ayhz)V(xAyAz)v(xAyf\z)

Exa"'l’le 2. Simplify the Boolean expression

.'\

Sy =AY A2 VixAyAz)
and ﬂnd its conjective normal forms.

f(x,y,z) xAY Az)V(xAyAz)

=(xAz Ay') V (x A Z Ay) % : & 5,
-[(xAz)A(y Vy)] ' i




1 0

1 1

1 ' 7 a
?
0 and 1 for which the value of  } =

Since Maxterm corresponds to each ordered triple of

the function is 0. 7LV':IV3" ,U;va-/ -;’wg»‘v‘é—
MtermareM"xVy vz, M—x vy Vz, M,=x ngVz,M3=

x VyVva 4:% M—.xVsz ME’-:-)(_Vl(.l/v—é_
_ HBHGM?\%MM form
vy)A(VEvy !)A XV v )J

= M,A M;A M, A M, AM, AMﬁﬁCxV‘;f
Vv g’va‘)&cx’vz%)n@’va

’ 1 ! e
LAV P LAY N £ 9 \,f}-\,‘ L'\\.«, AL '-;n\.& VT YZiN (e vy v

z’l‘\ ‘Jf ‘
(x-.\Lg.L-V—:—)-

Algorithm for obtaining complete Sum-of-Product Expression
Let the given boolean expression be [ (xl""z’ B x") '

Step 1. Find a product P in f(x;,X,, ......, x, ) which does not contain the variable x; and

then multiply P by (x, + x;) , deleting any repeated products (as x + x' = | and P+P=P)

Step 2. Repeat Step 1 until every product in f (x,%,, ....., )13 a mmterm Le. every
produc, P contains all the n-variables.
2,440 Algorithm for obtaining Product of sum canonical form

Let the given boolean expression be Pl o 3 :

" Step 1. Find a sum S in- --f (xl,xz, ws X, ) Which does not eontains the varlable xi and
then add S by (x; ¥)), deleting any repeated sum (as xx' = 0 and ss S)

| till every s e 2%
-Step 2 RCPEﬂ‘ %r _I"-V b m '.f(x" 2! s maxterm 1.e. evel'y sum S

s contams all the n-vanables.

oualllicu viti wdam



3 Us'"g Boolean algebra, construct the P of th L ;'-
Sy 2) =x +2) ¢ boolean function ' :

| FE02) =x(42) =xy4 8
%‘ =xpe ]+ xze '
a )ty ey
=Xvz ot xzt x4+ xy'z
uiuch is in the DNF of the boolean function £ (x, y, z). {
, _.w 4 BXpESss o h%s and XX, in its complete Sum-of-Product term in three s
_5‘?"’“““' Bt =l 1 0y + ) 4 00+ 1) e
= XXy + Xx) + X% + Xk :
E ;'_.‘;., 5 = xpxy 1+ xx 1+l |
: x, (x3+ x'3) = xlx; (% +x3) +.1r"x2 (x; + x;)
’ ?’g. = xXy%; + x;xzxi + xtx’zx3 + x;x'zx; + X|X, Xy + XXX A
a = xyXyXy + X X)%3 + X x5%; + X XyX3 + xjx,x; + X XX}
; Whu:h is the complete Sum—of-i’roduct form.
’ (ﬂ) Also, xx, = X% 155% (xy + %3)
%-Wﬁ.- = x5%y * X0
| ﬂﬂch is the complete Sum-of-Product form.

anonical form of boolean expression x X, i three

Bewple 5. Obrain Product of Sum C
2 -_..xil’ o L &
I = (xl +0) (13 '*‘0)

[:rI + (%) )10, +(xy )l

H')txz”;)(‘z“‘" s

= (x »4' xz)(-l']

aiiicu vvit am
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74
: NI x5) + (13 %3)]

- [y +3p)
[(xy +X ) + (xyx3)]

+xy) + Xt x3](xl +h b

=(x]+.\:2
+x)(x +x]+x)(12+x +I)

(x] + x2

t of Sum Canonical form. .

which is the requu-ed produc POl X x,) =X X
Sol. LHS. = (x; xrz xa x4) i (xl xz x3 x4) + (x; Ig X3 qu) 3 (x; Xq X3 I4)

[(x] x) x3 x3) + (x] %) .15 Kol + [(x] X -"3 Xy) + (] X3 X3 X4 )]

xl x2 x3 (x.' +x4) + x' xz X3 ('x4 +x4)

Il

x| X3 X3 ° l+x,x2x3 -1

Il

: | !
X)X, (x3 + xa)

= ! ’.
xlle

05
=R.H.S.

Example 7. Show that the following Boolean expressions are equivalent to one another.
Obtain their Sum-of-Product Canonical form

@ £y =& +)@+) @) f(x 2= (xz}+(xy)+(yz;)#
(i) fy(x, ¥, 2) =@+y) (' +2) ) f,(x,,2) =xz+x'y

Sol. The binary valuation of the given boolean expression are

i I o A B e y-llz L x| %y |y 5 7 I
0 o [o I o |o o |o o [o |o

B Lo 1 SR R 1 T o |B]o

D 6 R T | 1 1 G I Rt 1 R 0|1+

0° |1 "l 1 I T ) T O R R e
170 [oda 0 - 10 ;lo [o o o7 |o- |osalisi

= o | ] Lok [ [ e el el
e [ |1 U . 0 1 .‘* e

i 'every triple of the two
" To wnte them in

Sum-of Product"“'gmomcal'fbm




3P 2) Sxzaxy sz g, 1

yehave -
4 | gx:(.,+}'.'J+xry(u+-').
cu ‘-’"'"“’"13"+xv-+t}_
whlch is in the Sumi-of- Product canonical form,
smple 8. Obtain :the Sum-of-

5510"

-

o

Products Canonical forms of the fol!ow'ing Boolean

-

(a) x +% : (5) x; +(x, x}) () (x;x3) +x,

ming that this i is an ex ression in
aSS“ g p four variables .‘r],x.,,x and Xy

Sol The Sum-of-l’rodl!ﬂ canonical form of the given expression can be obtained from the
fuuowmg table.

el ¥, |x,+x,|Min |x}|x_ x' .
gl T T2 3203 (¥ v x3) [Mind b | o) x4 x, Min”

AT L e S Lt TR T i g A

TIRRE

| U.I' 0[O0 0 0 m,

:1 fofolof1 0 my
& 0 oj1|o0 0 m.
0 0111 0 my

’ .1,] 1010 | my
01101 1 m

U -'.l 110 ] mg

i ] . 111 1 m.,

l 0 010 1 mg

‘ I_J. 0 011 | my
b ‘ET 0 1 m
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+m3+'"9 + gyt iyt Mgt Mt nﬁ“’ls_

(@) oxy Exy = q+m5+m6+mq

‘ ] -"r r ! P _1 _.; )'f\.kl.l-, 3 4}T

5 ! . 1537374 .
"!K:,"a.t“+’<,x,_x3xu+x,u,,xauq+ "l"l"‘é“‘l Ul 13*"-” ' “K:’l"

I ( 4 l 2
L“X,K,}{aﬂq +5(|’L,!1L3‘lu.|+ 5(]"‘-4."‘&3 Hq "”"(1’(1“,3 R\ﬁ' &#1:(33(\, ‘f“(".\.’(
(6)x, +(xyxy) = m), + my + o) + my +m9+mm+"’||+mlz_ myy +

' '

szix:)+(xix2.§x4) +(xrx2"x::x:)+( x| 2 3x')-t-(;!ur 2 3 4)-|-
(x, X, x3x4)+(xf:c2.x/3x4)+(xlr.,x' 4)+('c1.2 : 4)

""l{%' ”i‘:"f""!‘i-" M {-'-'Wl +qu+h;‘+h|l+hlg+ M'q
(©) (x, x2)+x4— X, 22 X 4+x1x2x3x4 2 X, XX, + X X5 X3 X,

1 Ma%a %y
X) Xy X X X)Xy Xy XX X Xy XX X XXX Xy ¥y ¥

Example 9. Find the Boolean Expression that defines the function [ by

7(0,0,0) =0 f(0,0,1) =0

£0,0,00=1 f(,1,0)=0

J(©,1,0) =1 SO, L) =0

70,01 =1 AL =1
Sol. The minterms are  £(0, 1, 0), ‘f (1,0,0), £(,0,1), (RN

o le (APAZY,(xAY A Z)GAY A2 (xAyAz)
D.NF is '

Jay2) =" Ay Azy v e gy

Az) v Ay Az)v xAyA zl')

can be simplified as

= M,Az)v:m[(y Az)V(y AZ)V(J’Az)]

[Dlstnbu |
_(x !\}’AZ)VIA[{J’ A(Z Vzl}V(yAz)] uveLaW]

[Dlsﬁ'lbutlva Law]
~(x Ay/\z')\fx;\(y V(yhz)) : _

—(x AyAz)VxA(}’ VJ’)A(J-'V(Z
E--'-—(x AyAz)fo\(J’ V) .

@AY ANV IEAY) VEAD)
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_r'_!'“ple 10. Find the Boolean Expression in CN-form

%l y ;

% . ;
0 0. 1
0 . l 0
(V0 1 _
, / 0 M;-('xvav.-.
: : ; 0 My (Xvy
1 ? : 0 Msw (X vy

' q 0 My ]

1 | | : = L'&Vtr

: _ i o Yy K Mg
(xVy\{z)A(xVy'V:')lz\(x‘Vy,:fz)h( :

2411 Karnaugh Maps (or K-maps) Oyl

" A Karnaugh map structure is an area which is subdivided into 2" cells, one for each
possible output combination for a Boolean function of n variables. Half the number of
cells are associated with an input value of 1 for one of the variables and the other half the
number of cells, with the input value 0 for the same variable More precisely, the K-map

corresponds to Boolean expression in variable is an area which is subdivided into 2" cells
(sequences) each of which corresponds to one of the fundamental products or minterms in

n-variables, -

YA (' Vy' V2)

- For example, K-map in three variables has 2° (= 8) cells each of which correspond
' . toko

to.one of the following minterm xz, xy2', %2 xy'z xlyz, x'y2 X'y’ xy'e.

: K-_maps for 4 different variables is shown below ;

' () K-map for 1 variable

#

ouvdarinicy v
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‘,.._-.J»-—ﬁ fﬁ%

on 0l I 1
X ' . ;|" 0
- (¢} Kemap for 3 variables
4 ox |
1 '
& ‘ |, Ve __._:,.— TJ
z!
A ’ 4 g A,
; 00 01 1 10
00, 3
(d) K-map for 4 variables x' i
017
yyy
11
X
10 P
= =
.
L S W i
r—
w
Example 1. Find the K.

map for the following expression

(@) xy+x'y
(B) Xyzoxys ¢ gy
€) Xy2ws Xyne' & ayimy s aw’

Sol. K-maps for the Biven EXpressions are

R g e e e L
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by the following truth table, given

Examl’le 2. Find the Boolean expression represented
n.

“Map representation. Also write the expressio
o | | JExd :
- : 0 | T |minieims ane
; g l 1 ,f(ooo) :f(ool))
0 . RE
1o
W :F(:,o,oﬁ?:f[ :
0 | 43 i 1 / D: 'N 4(000]
-'-l 4 0 2 "™ : V,i'*‘”/;) :
- Ol i o o Tl @ny’)?{*“ﬂ
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. SPEC

. | . me givﬁﬁ Boolean expression,

so _ i
th K-map 5
Snl The followmg ﬁgure representS e_‘ : y
- y' v ‘
g -
. 0
——
1
: ol

lz'+m

The expression x'y'z’ X' 2+ %y

EXERCISE 2 (<)

EADRUASTY =

1. Show that the Boolean functions f, (¥, » 7

Vv (x, v .x}) are equivalent.

2. _Construct the truth table for the following expressions

- (a) fl(xpxz)—“ VX;__ (b fz (xls- 2)* X NXy (c) f3(x )=x;
Find the truth value of S (xyy%5,%5) = (x vx)A(x] v X3)A (X vx;)

- 4. Write ithc following Boolean expressions in an equivalent sum of Produd
- cannonical form in three variables x,,x, Xy

) i TR Ao
R SRR e ey
w

o (@) xpaxy a._ (b) x V-"_:; (c) (x]ng)rV(x;"x3)

3 5. Obtai
b e ; n the product of sums Callnomcal form in three varlables Xy X .1 for
f-';f - expressions. l, 2 3
@ %y, %3 ® %
6,

Find the valuecf the Bodlem gxpresswn -gl\’én be oW '

rRUM BOOLEAN AI“‘EGH
""*i

)= (5, v i) v xyand Syl 3 |

i

e et ot
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b ; 8
3 the sum of Products and :
& M P““d‘m‘“f'mﬂi cannonical forms of the

.:___._'{'g)'..f! .;\'1* 5"";3 ' | - (B) I(x +x )(_r x )T

(c) »"1‘*"2 + 1y +(x, X)), + X x5)

: .,* Find the Karnough map for eqch, boolean expression.

(.,)n'*n +xy (5)xy" + x'y e
ANSWERS L
2 n 2 Jy=xv, fy=x ax Jy=x °§
0 0 0 | o ‘;
| 1 0 I ;
I 0 ! 0 0 ”g
I l | I 0 1?
|
458
3 X, X, Xy v, I'I'V.t:' (:: S /(ll,.t}.¥J) i g
0 0 0 0 [ I 0 1
0 0 I 0 i 0 0
0 [ 0 1 I 0 0
0 ! ! ! ! 0 0
| 0 0 | ! l !
L1 o | ) ! 0 0
{1 | o ! 0 0 v
b 4 ] 3 ! 0 0 9

" (ﬂ) (xln.r Axy) v(x, A.l'.,a\.l",)
‘_,() ((xAx, Axy )V (x) AXy AXy IVI(x) Axy Axy)v (6 Axy AX))]v
" [(x, A %) A.‘l‘s)\f[.’tl A Xy axy)]

: .':"_'-T(c) (%) Ax) AXIV (X AXS AV (] AXy AXY V(X AT, AXS)

;f_"'(“}. (1‘ VX VX )A(K VX, V)

( ] {x V.{sza)A(x sz Vx}) A(,t_l VJ‘ZVIS)A(I VIZV.\':’)A 2

(8 vy v.rj)n(x,vrz v.rs) .




